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Let K be a finite Galois extension of a number field k and H the Hilbert class 
field of K. We study whether the group extension defined by the Galois groups of 
the tower of fields H 2 K z k splits. We first rederive earlier theorems of Wyman 
and Gold by a new method and show how this method can slightly extend their 
results. We then give a necessary condition for splitting and show that in many 
cases this extension cannot split. ci’ 1988 Academic Press, Inc. 
INTRODUCTION 
Let K/k be a Galois extension of number fields. Set 9 = pL’(K/k) and let 
H be the Hilbert class held of K. It is easy to see that H is also a Galois 
extension of k. Let G be the Galois group of H over k. Since 
pd(H/K) z C,, the class group of K, we have an exact sequence: 
l-tC,+G+g+l, (*) 
The question of whether the exact sequence (*) splits has been investigated 
by various authors, for example, Herz [Hl 1, Wyman [ Wl 1, and Gold 
[Gl]. The interest in this problem is perhaps partially explained by the 
following: The sequence (*) splits if and only if there is an extension F/k 
such that F n K = k and FK = H. This in turn happens if and only if H can 
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be gotten by adjoining to K a root of an irreducible polynomial with coef- 
ficients in k of degree exactly the class number of K. This method for 
explicitly generating H is well known when k = Q and K is an imaginary 
quadratic field. Thus in this case (*) always splits. 
It was believed for a while that when k= Q the sequence (*) always 
splits. In [Wl], Wyman showed this is false in general but is true, for 
example, when K/Q is cyclic. Somewhat later, Gold [Gl ] found a new 
proof of Wyman’s result which was considerably simpler than the original. 
In this paper we present a result about groups acting on sets which leads 
to a simple proof of the theorems of Wyman and Gold. Moreover, this 
result about group actions will actually yield slightly stronger results than 
those of Wyman and Gold. In 2 we present a necessary condition for (*) to 
split which depends on the notion of genus and central class field. A 
consequence of this necessary condition is that as soon as 9 is not cyclic it 
is unlikely that (*) will split. 
1 
Consider the exact sequence of groups: 
At this point we make no special assumption about the groups involved. 
They may be finite or infinite, Abelian or not Abelian. Suppose G acts on a 
set C. From the identification spaces n = C/N and r= C/G. There are 
natural projection maps: 
Note that 9 acts on n since N acts trivially on A. 
PROPOSITION 1. Suppose there is a AE A such that a1 = 1 for all a Eg. 
Suppose further that N acts on 71-l (A) without fixed points. Then the 
sequence ( * * ) splits. 
Proof. LetpE7t-‘(A) and define D= {gEG 1 gp=p}. We claim that G 
is the semi-direct product of D and N. Since N acts without fixed points, 
D n N= (e). Let ge G, since a(g) ,4 = A, z(gp) = n(p). Since N acts 
transitively on n-‘(A), there is an n E N such that np =gp. It follows that 
n - ‘g E D or g E ND. Thus G = ND and we are done. 
When G is finite and N is Abelian we can generalize Proposition 1 
somewhat. The idea of the following propisition is due to Gold [Gl]. 
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PROPOSITION 2. Suppose g is finite and N is Abelian. Suppose there 
exists 2,) ;1,, . . . . A, in A such that N acts without fixed points on 71~ ‘(A,), 
i = 1, 2, . . . . t. Define Dn(Ji)= { a E 9 1 ali= I,}. Assume the least common 
multiple of the orders of the D,,(A,) for i= 1,2, . . . . t is 1~1. Then the sequence 
( * * ) spfits. 
Proof Let y be the class of the sequence (**) in H2( 8, N). We will 
show that y is the trivial class. Let P be a p-Sylow subgroup of 9. Our 
assumptions imply that P c D,,(lZ,) for some i. Thus the restriction map 
from H*(g, N) to H’(P, N) factors through H’(D,,(L,), N). Since N acts 
without lixed points on n-’ (A,), Proposition 1 shows that the image of y in 
H2(Dn(,Ii), N) is trivial. Thus the restriction of y to H’(P, N) is trivial for 
all p-Sylow subgroups of 9. It follows that y is trivial. 
* 
We now give a series of applications to number fields-returning to the 
notation of the introduction. 
PROPOSITION 3 (Wyman). Suppose k has class number one, and 9 is 
cyclic. Then the sequence (*) splits: 
Proof: Let C, A, and r be the finite primes of H, K, and k, respectively. 
Since 9 is cyclic there is a prime p in k which remains inert in K. Since the 
class number of k is assumed to be one, b is principal and $C’, is a 
principal prime of K which therefore splits completely in the Hilbert class 
field H. In Proposition 1, let $0, play the role of 1. Both hypotheses hold 
and so (*) splits. 
PROPOSITION 4 (Gold). Suppose k is any number field, K is the Hilbert 
class field of k, and H is the Hilbert class field of K-i.e., the second step in 
the class field tower of k. If K/k is cyclic, then the sequence 
splits. 
1 --f &(H/K) -+ &(H/k) + &(K/k) -+ 1 (***I 
Proof Once again, let C, A, and r be the primes of H, K, and k, 
respectively. Since K/k is cyclic there is a prime fi of k which is inert in K. 
The prime ~0, of K is principal since every ideal of k becomes principal in 
its Hilbert class field K. Since H is the Hilbert class field of K, j.0, splits 
completely in H. The result now follows from Proposition 1. 
PROPOSITION 5 (again with the notations of the introduction). Suppose 
there are t principal primes of K, # 1, fi2, . . . . fi, such that the least common 
multiple of the orders of the decomposition groups, D( pi), of hi in 9 is 191. 
With these assumptions the sequence (*) splits. 
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Proof This follows from Proposition 2 by the same reasoning as in the 
last two propositions. 
We conclude this section with a result that shows our methods enable us 
to go a bit beyond Proposition 3. 
PROPOSITION 6. Let p and q be odd rational primes and suppose p is a 
primitive root modulo q. Let k = Q, K = a([,,), and H is the Hilbert class 
field of K. Then the exact sequence (*) splits. (Note that in this case 
pf(K/Q) is not cyclic.) 
Proof From the assumptions it follows that there is exactly one prime 
above p and that prime is principal. That prime in turn splits in H and so, 
once again, Proposition 1 gives the result. 
In conclusion we note that Propositions 1 and 2 can be applied to 
groups acting on compact Riemann surfaces. In fact, the methods presented 
here were inspired by a result of R. Accola about coverings of Riemann 
Surfaces. 
2 
In this section we give a necessary condition for the splitting of the 
fundamental exact sequence (*): 
We then observe that known results imply that in many cases this 
necessary condition cannot hold. 
LEMMA 1. Suppose an extension 
1+N+G-+8+1 (t) 
is split. If M is a normal subgroup of G such that ME N, then the sequence 
l-+N/M-+G/M+g-*l (-It) 
also splits. 
ProojI If r is any lift of 9 and r the reduction of r module M, then i= 
splits (tt). 
LEMMA 2. Suppose 
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splits, with N central in G. Then if g is Abelian so is G. In any case the 
intersection of the commutator subgroup of G with N is trivial. 
Prooj The first statement is obvious. For the second, let r be any lift of 
9 in G. Since the sequence splits, any element of G can be written as an 
element of N times an element of l7 The basic commutator [g, n, , g,n,] is 
glnl g2n2n;‘gF1n;‘g;‘. 
However, since N is assumed central in G this reduces to g, g,g;‘g;’ E f. 
Since f n N = (e) this gives the second statement. 
To give our necessary condition for the splitting of the fundamental 
exact sequence (*) we need to introduce the notions of the central class 
field and the genus field of K relative to a subfield k. As usual we are 
assuming that K/k is Galois. 
DEFINITION 1. The genus field K, of K relative to k is the largest 
unramitied Abelian extension of K of the form FK where F is an Abelian 
extension of k. 
DEFINITION 2. The central class field K, of K relative to k is the largest 
unramitied Abelian extension of K. Galois over k, such that pd(Kc/K) is 
in the center of pd(Kc/k). 
Note that the genus field can be obtained by composing the fixed field of 
the commutator subgroup of gd(H/k) with K. Also notice that the genus 
field is always contained in the central class field. 
PROPOSITION 7. A necessary condition for the splitting of the fundamen- 
tal exact sequence (*) is that K, = K,. 
Proof: Let M be the Galois group of H over K,. This is a normal 
subgroup of g&H/K). Suppose the fundamental exact sequence (*) splits. 
Then by Lemma 1 the exact sequence 
1 +gnC(K,/K)+ p/(K,/k)-+gat(K/k)+ 1 (ttt) 
also splits. Since the first term is central, Lemma 2 implies that the 
commutator subgroup of pd(K,/k) when intersected with p/(Kc/K) is 
trivial. This in turn implies that the fixed field of this commutator subgroup 
when composed with K gives K,. Since the genus field always is contained 
in the central class field, this is equivalent to K, = Kc. 
The usefulness of this proposition stems from the identification by 
Furuta of the Galois group of K, over K, (see, for example, [Fl]). This 
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s group has been extensively studied because it occurs when one is studying 
obstructions to the Hasse norm theorem holding; for example, see 
Garbanati [GAl], Gold [G2], or Razar [Rl]. In fact, combining 
Furuta’s work with this work we have in the special case when K/Q is an 
Abelian l-extension with Galois group 8: 
THEOREM. Suppose Di is the decomposition group of a prime pi in 8. Let 
A’( ) denote the second exterior power of an Abelian group considered as a 
Z-module. Then gat(K,/K,) is isomorphic to the co-kernel of the natural 
map from 
(1) 
where D varies over the decomposition groups corresponding to rational 
primes. We first observe that the left-hand side is a finite sum since almost 
all primes have a cyclic decomposition group. In fact, for Abelian l-exten- 
sions, a decomposition group can have l-rank at most two, so the second 
exterior power is either cyclic or trivial. For more details on this see 
[CRl]. Using this result we have 
PROPOSITION 8. Suppose K/Q is an Abelian l-extension and the number 
of primes that ramify is less than [;I, where n is the rank of gaL(K/Q). Then 
the exact sequence (*) cannot split. 
Proof: Observe that the group on the left-hand side of (1) can have 
rank at most the number of ramified primes while the group on the right 
grows quadratically with the rank of g-its rank is exactly [;I. The result 
now follows from the necessary condition for splitting (Proposition 7). 
As mentioned above, combining Razar’s results with Furuta’s it is easy 
to see that 
THEOREM. rf K is an Abelian extension of Q of odd degree, then K, = K, 
if and only tf the Hasse norm theorem holds for K. 
Thus in this case a necessary condition for the splitting of (*) is that the 
Hasse norm theorem holds for K. (In fact, it was the known failure of the 
Hasse norm theorem in certain special cases that enabled Wyman to con- 
struct his counter-example). 
Many other results are possible. As a final example consider 
PROPOSITION 9. Suppose K is a Galois l-extension of some subfield k. 
Suppose further that K is equal to its own genusfield relative to k and I 1 h,, 
the class number of K. Then the sequence (*) cannot split. 
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Proof: Since I-groups have a lower central series that terminates in the 
identity the central class field in this case must properly contain K. The 
result now follows. 
Remark. If K’ is any field containing k and K is the genus field of K’ 
relative to k, then it is easy to see that K is its own genus field. 
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